, »",), λ(a? Λ+1 , , x m +n)] is an outer commutator word of weight m + n. We write ^ = [θ, λ] . Particular examples are the derived (or solvable) words, defined by d n = [d n -ί9 d n _i], and the nilpotent (or lower central) words, defined by τ» +1 - [τ», 7i] .
The following two theorems appear in [15] : THEOREM 
For any group G and word φ, (a) φ(G) is fully invariant in G and φ*(G) is characteristic in G.
(b) φ(φ*(G)) = l.
T. K. TEAGUE ( c) if K/φ*(G) is the center of G/φ*(G), then [K, φ(G)] = 1. In particular, [^*(G), φ{G)\ = 1. (d) if H is a subgroup such that G = Hφ*(G), then φ*(H) = Hf)Φ*(G) and φ(G) = φ(H).

THEOREM 1.2. Let Θ and X be two words in independent variables and φ = [θ, λ]. Then, in any group G, (a) Φ(G) = [θ(G),X(G)]. (b) i/ U=C G (Θ(G)), V=C β (\(G)),L/U=\*(G/U), andM/V = Θ*(G/V), then φ*(G) = L n M.
An immediate result of Theorem 1.2(b) is that 7*+i(G) = ZJfi), the wth center of G. It is this theorem which makes possible a classification of marginal subgroups for all outer commutator words, since the variables in θ and λ are independent of each other (see [16, p. 328] ).
An element x of G is called a left (right) Engel element of G if for every y in G there is a positive integer n such that [y, nx] -1 ([x, ny] = 1). The Engel word of length n is e n (#, y) = [x, ny] . We note that Theorem 1.2(b) can not be used to determine e*(G), since
If G is isomorphic to a subgroup of a group K, write G £ ϋΓ. C^(Jϊ) is the centralizer of iϊ in G. For # in G, x G denotes the subgroup generated by all conjugates of x in G.
2Φ
The Engel margin* In this section "Engel word" will mean "Engel word of length two". We write M(G) = d*(G) and E{G) = e 2 *(G) for the metabelian and Engel margins of G respectively.
Recall that [Z n (G), ΊJG)\ C Z n _ m (G) for all positive integers m and n.
Proo/. Part (a) follows from Theorem 1.2(b) with β = λ = We prove (b) by induction on n. (G) by part (a) and the induction hypothesis. Furthermore, 
Furthermore, [a, x] 
Proof. Part (a) follows immediately from the definitions. is Abelian follows similarly from the observation that
Let a e E^G).
Proof. Set ^(G) = {a e G \ [x, ay, ay] = [x, y, y] for all x, y in G}.
We see then that E(G) = E,(G) Π E 2 (G).
Let S be the set described on the right in the statement of the theorem. Suppose ae S, xeG. , a] = 1. Therefore, E(G) is contained in the set S.
We have already shown that S is a subset of JSΊ(G) = L(G). Consequently, all the above arguments are reversible and we may conclude that S = E(G). From Theorem 2.4 and Lemma 2.5(b) we have our characterization of E(G): THEOREM 
For any group G, E(G) = {aeG\[x, y y a][a, y, x] is a law in G}.
COROLLARY 2.7. For any a e E(G), [a, G, G]
3 = [α 3 , G, G] = 1.
Proof. Let x, yeG. By Theorem 2.6, [x, y, a][a, y, x] = 1. Then [x, y, a] = [α, [^, y)]~ι = ([α, α?, T/]
Proo/. Let aeE(G).
By Lemma 2.2(e) we have that a' Since also α 3 e ^2(G) c Z 3 (G) by Corollary 2.7, it follows that α e Z^G).
We recall a theorem of F. W. Levi (see [12] ): If e 2 is a law in a group G, then G is nilpotent of class at most three and 7 3 (G) has exponent dividing three. This, together with Theorem l.l(b), yields the first statement in the following: THEOREM 
E(G) is nilpotent of class no greater then three and metabelian, and j z (E(G)) has exponent dividing three. If C G {G r ) c= E(G), then M{G) = Z 3 (G).
Proof. Suppose C G {G r ) c E{G). By Lemma 2.5(a) this implies that α(G') -Z 2 (G). From Lemma 2.1(a), M(G)/C G (G') -Z(G/C G (G')).
Hence M(G) = Z t (G). 210 T. K. TEAGUE THEOREM 2.10. Let G be a group, M = M{G), E, = E,(G) = L(G). Then (a) [G' f M, JSi] -[G' f E l9 M] = [M, G, G'] = 1. ( b) [G, M', E t ] = \M, E lf G] = [G
Central automorphisms on G\ It follows from Theorem 2.10(a) that [M(G), G'] c ^(G r ). This implies that M(G)/C G (G') acts as an Abelian group of central automorphisms on G\ Then
is also such a group. Denote the corresponding group of automorphisms on G' by 2t 2 . Furthermore,
by Lemma 2.5(a) and Corollary 2.8. Let % c St 2 denote the corresponding group of automorphisms. From Corollary 2.7 we see that E(G)/Z 2 (G) has exponent 3. Hence % 1 is an elementary Abelian 3-group of central automorphisms on G'. (c) Smirnov [14] has shown that a solvable group of automorphisms of a polycyclic group is polycyclic. Since then SC r is finitely generated, it must be finite. Proof. For 1 Φ a e % 2 , the homomorphism from
If a has finite order, then there is an integer n such that a n e C G {G r Proof. Suppose G satisfies the maximum condition. Then, by [12, Theorem VI. 8 . j], we have that the set of left Engel elements (of all lengths) is the Hirsch-Plotkin radical R. Since then et{G) c: R is locally nilpotent, it is locally residually finite. By the preceding remark, we have that e n satisfies the Schur-Baer property for G.
Vilyacer [18] has shown that an Engel group satisfying the minimum condition is locally nilpotent. Plotkin [11] has proved that an Engel group which is also an SAT* group is locally nilpotent. Hence the remainder of the theorem follows as above.
The validity of the Schur-Baer property in general is one of several conjectures which have been proposed for the group functions φ and φ* (see [9] and [16] ). Modified solutions of two of these come from the following lemma. Proof. This follows from the arguments used in the proofs of Proposition 1 and its two corollaries in [17] .
We note in particular in these proofs that there is a finitely generated subgroup H of G such that φ{H) = φ(G). It follows that H/φ*(H) is finite. Since H and φ satisfy the Schur-Baer property, φ{H) = φ(G) is finite.
The following two theorems are immediate from these observations. THEOREM 4.5. If φz {e 2 , e 3 }, G is locally residually finite, and φ is finite-valued on G, then φ{G) is finite. THEOREM 4.6. If φe {e 2 , e 3 }, φ is finite-valued on G, and G is finitely generated and residually finite, then G/φ*(G) is finite.
